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Abstract: Let M be a compact symmetric space, and K the isotropy subgroup of the group of all isometries
of M at a point o of M . We consider two actions of K , namely the natural action of K on M and the linear
isotropy action of K on the tangent space To M . In both cases, we show that in each category of orbits of the
“same type” under K there exists a unique minimal one.
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Introduction
Let M be a Riemannian manifold, and K a Lie group acting on M as a Lie transformation
group of isometries. In the case that K is the isotropy group of a symmetric space N at a
point o and that M is the tangent space To(N ) of N at o, for each point X of To(N ), the orbit
K (X) of X under K has several distinguished properties as a submanifold of M . So far, many
mathematicians have investigated such orbits from a viewpoint of differential geometry, (e.g.,
[5, 7, 8, 10]).
In this paper we consider the following two pairs (M, K ) and determine all minimal orbits
arising from (M, K ):
(1) K is the isotropy group of a symmetric space N of compact type at a point o and M is a
unit hypersphere in the tangent space of N at o,
(2) M is a symmetric space of compact type and K is the isotropy group at a point.
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In these cases it is well known from the theory of symmetric spaces that there exists a cell
C in M which satisfies
M =
⋃
k∈K
k · C¯ .
We construct a stratification of C¯ in Section 1 and prove that each stratum of it has a unique
point whose orbit under K is a minimal submanifold of M for the case (1) in Section 2 and for
the case (2) in Section 3. Our results are stated as Theorems 2.1 and 3.1. In order to prove these
we define a function F on each stratum whose gradient vector is equal to the mean curvature
vector of the orbit and show that F is strictly convex. In conclusion there exists a unique point
in each stratum where the gradient of F vanishes, that is, whose orbit under K is a minimal
submanifold.
1. Preliminaries
Let G be a compact connected semisimple Lie group, K a closed subgroup of G and θ an
involutive automorphism of G. Assume that the pair (G, K ) is a symmetric pair with respect
to θ , i.e., K lies between the subgroup
Gθ = {g ∈ G | θ(g) = g}
and the identity component of Gθ . Let g and k be the Lie algebras of G and K respectively. The
involutive automorphism of g induced by θ will be also denoted by θ . Since K lies between
Gθ and the identity component of Gθ , we have
k = {X ∈ g | θ(X) = X}.
Choose an inner product 〈· , ·〉 on g which is invariant under θ and the actions of Ad(G). Put
m = {X ∈ g | θ(X) = −X}.
Then we have an orthogonal direct sum decomposition of g
g = k+m.
This decomposition is called a canonical decomposition of the Riemannian symmetric pair
(g, k). The inner product 〈· , ·〉 on g induces a bi-invariant Riemannian metric on G and G-
invariant Riemannian metric on the homogeneous space M = G/K , which are also denoted
by the same symbol 〈· , ·〉. Then M is a symmetric space of compact type with respect to 〈· , ·〉.
Conversely any symmetric space of compact type is constructed in this way. The tangent space
To(M) of M at the origin o is identified with m through the natural projection pi : G → M .
Take a maximal Abelian subspace a in m and fix it once for all. Take a maximal Abelian
subalgebra t of g containing a and put
b = t ∩ k.
Then we get an orthogonal direct sum decomposition of t
t = b+ a.
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For α ∈ t we put
g˜α = {X ∈ gC | [H, X ] =
√−1〈α, H〉X (H ∈ t)}
and define the root system R˜(g) of g˜ by
R˜(g) = {α ∈ t− {0} | g˜α 6= {0}}.
For λ ∈ a we put
gλ = {X ∈ gC | [H, X ] =
√−1〈λ, H〉X (H ∈ a)}
and define the root system R(g, k) of (g, k) by
R(g, k) = {λ ∈ a− {0} | gλ 6= {0}}.
Put
R˜0(g) = R˜(g) ∩ b
and denote the orthogonal projection from t onto a by H 7→ H¯ . Then we have
R(g, k) = {α¯ | α ∈ R˜(g)− R˜0(g)}.
We extend a basis of a to that of t and the lexicographic orderings > on a and t with respect
to these bases. Then for H ∈ t, H¯ > 0 implies H > 0. We denote by F˜(g) the fundamental
system of R˜(g) with respect to the ordering >. Put
F˜0(g) = F˜(g) ∩ R˜0(g).
Then the fundamental system F(g, k) of R(g, k) with respect to the ordering > is given by
F(g, k) = {α¯ | α ∈ F˜(g)− F˜0(g)}.
We denote by R˜+(g) the set of positive roots in R˜(g). Then the set R+(g, k) of positive roots in
R(g, k) is given by
R+(g, k) = {α¯ | α ∈ R˜+(g)− R˜0(g)}.
We set
k0 = {X ∈ k | [X, a] = 0}
and
kλ = k ∩ (gλ + g−λ), mλ = m ∩ (gλ + g−λ)
for λ ∈ R+(g, k). We write R˜+, R+, F for R˜+(g), R+(g, k), F(g, k) respectively. We have the
following lemma ([9, Lemma 1.1]).
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Lemma 1.1. (1) We have orthogonal direct sum decompositions:
k = k0 +
∑
λ∈R+
kλ, m = a+
∑
λ∈R+
mλ.
(2) For each α ∈ R˜+ − R˜0 there exists Sα ∈ k and Tα ∈ m such that
{Sα | α ∈ R˜+, α¯ = λ}, {Tα | α ∈ R˜+, α¯ = λ}
are respectively orthonormal bases of kλ, mλ and that for H ∈ a
[H, Sα] = 〈α, H〉Tα, [H, Tα] = −〈α, H〉Sα, [Sα, Tα] = α¯,
Ad(exp H)Sα = cos〈α, H〉Sα + sin〈α, H〉Tα,
Ad(exp H)Tα = − sin〈α, H〉Sα + cos〈α, H〉Tα.
Now we shall decompose the symmetric pair (g, k) into the sum of irreducible symmetric
pairs (gk, kk) (1 6 k 6 s)
g = g0 ⊕ g1 ⊕ · · · ⊕ gs, k = g0 ⊕ k1 ⊕ · · · ⊕ ks,
where g0 = {X ∈ k | [X,m] = {0}}. Then we have an orthogonal direct sum decomposition
a = a1 ⊕ · · · ⊕ as, where ak = a ∩ gk (1 6 k 6 s)
and decompositions of R and F into disjoint unions
R = R1 ∪ · · · ∪ Rs, where Rk = R ∩ ak (1 6 k 6 s),
F = F1 ∪ · · · ∪ Fs, where Fk = F ∩ Rk (1 6 k 6 s).
We define a subset D of a by
D =
⋃
λ∈R
{H ∈ a | 〈λ, H〉 = 0}.
Each connected component of a− D is called a Weyl chamber. We put
C = {H ∈ a | 〈λ, H〉 > 0 (λ ∈ F)},
Ck = {H ∈ ak | 〈λ, H〉 > 0 (λ ∈ Fk)} (1 6 k 6 s).
Then C is a Weyl chamber and C,Ck are open convex subsets of a, ak respectively and their
closures are given by
C¯ = {H ∈ a | 〈λ, H〉 > 0 (λ ∈ F)},
C¯k = {H ∈ ak | 〈λ, H〉 > 0 (λ ∈ Fk)} (1 6 k 6 s).
Moreover we have C = C1× · · · ×Cs . For any subset1 ⊂ F we define a subset C1 of C¯ by
C1 = {H ∈ C¯ | 〈λ, H〉 > 0 (λ ∈ 1), 〈µ, H〉 = 0 (µ ∈ F −1)}.
In same way for any 1k ⊂ Fk (1 6 k 6 s) we define
C1kk = {H ∈ C¯k | 〈λ, H〉 > 0 (λ ∈ 1k), 〈µ, H〉 = 0 (µ ∈ Fk −1k)}.
If we put 1k = 1 ∩ Fk for 1 ⊂ F we have C1 = C111 × · · · × C1ss .
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Lemma 1.2. (1) C¯ =⋃1⊂F C1 is a disjoint union.
(2) For 11,12 ⊂ F , 11 ⊂ 12 if and only if C11 ⊂ C12 .
For µ ∈ F we take Hµ ∈ a satisfying the following condition.
〈λ, Hµ〉 =
{ 1 (λ = µ, λ ∈ F),
0 (λ 6= µ, λ ∈ F).
We have
C¯ =
{∑
λ∈F
tλHλ
∣∣∣ tλ > 0}
and for 1 ⊂ F
C1 =
{∑
λ∈1
tλHλ
∣∣∣ tλ > 0}.
For H ∈ m we put
Z HK = {k ∈ K | Ad(k)H = H}.
Z HK is a closed subgroup of K .
For 1 ⊂ F we put
N1K = {k ∈ K | Ad(k)C1 = C1},
Z1K = {k ∈ K | Ad(k)|C1 = 1}.
Z1K is a closed subgroup of K . If H ∈ C1, then Z1K ⊂ Z HK . We put
R1 = R ∩ (F −1)Z, R1+ = R1 ∩ R+.
The following Lemma 1.3 and Theorem 1.4 refer to [3, Lemma 1.4 and Theorem 1.6].
Lemma 1.3. For 1 ⊂ F and H ∈ C1, we obtain the following equations.
R1 = {λ ∈ R | 〈λ, H〉 = 0}, R1+ = {λ ∈ R+ | 〈λ, H〉 = 0}.
Theorem 1.4. For any 1 ⊂ F and H ∈ C1
Z1K = Z HK = N1K .
Let δk ∈ Fk denote the highest root in Fk (1 6 k 6 s). We define
Fk = Fk ∪ {δk} (1 6 k 6 s),
F = F1 ∪ · · · ∪ Fs = F ∪ {δ1, · · · , δs}
and
Q = {H ∈ a | 0 < 〈H, λ〉 < pi (λ ∈ F)},
Qk = {H ∈ ak | 0 < 〈H, λ〉 < pi (λ ∈ Fk)} (1 6 k 6 s).
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Their closures are given by
Q¯ = {H ∈ a | 0 6 〈H, λ〉 6 pi (λ ∈ F)},
Q¯k = {H ∈ ak | 0 6 〈H, λ〉 6 pi (λ ∈ Fk)} (1 6 k 6 s).
Q and Qk are open convex cells in a and ak respectively and
Q = Q1 × · · · × Qs
holds. For 1 ⊂ F we define a subset Q1 in Q¯ by
Q1 =
{
H ∈ Q¯
∣∣∣∣ 0 < 〈H, λ〉 (λ ∈ 1 ∩ F), 〈H, δi 〉 < pi (δi ∈ 1),0 = 〈H, µ〉 (µ ∈ (F −1) ∩ F), 〈H, δ j 〉 = pi (δ j ∈ F −1)
}
.
In same way for 1k ⊂ Fk (1 6 k 6 s) we define
Q1kk =
{
H ∈ Q¯k
∣∣∣∣ 0 < 〈H, λ〉 (λ ∈ 1k ∩ Fk), 〈H, δk〉 < pi (δk ∈ 1k),0 = 〈H, µ〉 (µ ∈ (Fk −1k) ∩ Fk), 〈H, δk〉 = pi (δk ∈ Fk −1k)
}
.
Note that Q1kk 6= ∅ if and only if 1k 6= ∅. If we put 1k = 1 ∩ Fk for 1 ⊂ F, we have
Q1 = Q111 × · · · × Q1ss .
Therefore Q1 6= ∅ if and only if 1k 6= ∅ (1 6 k 6 s). 1 satisfying the latter condition is said
to be admissible. For an admissible subset 1 ⊂ F, Q1 is a convex cell in Q¯.
Lemma 1.5. (1) Q¯ =⋃1⊂F Q1 is a disjoint union, where 1 ranges over admissible subsets
of F.
(2) For admissible subsets 11,12 ⊂ F, 11 ⊂ 12 if and only if Q11 ⊂ Q12 .
For each p ∈ M we denote by K p the subgroup of K which leaves p fixed. K p is a compact
Lie subgroup of K and we denotes its Lie algebra by L(K p).
Theorem 1.6. For an admissible subset1 ⊂ F, two elements H1 and H2 belong to Q1 if and
only if L(KExp H1) = L(KExp H2), where Exp is the exponential map of M at the origin o.
Proof. For H ∈ Q¯, we obtain the following by Lemma 1.1,
L(KExp H ) = k0 +
∑
λ∈R+,
〈λ,H〉∈piZ
kλ.
Choose an admissible subset 1 ⊂ F and H ∈ Q1. We set
R1+ = {λ ∈ R+ | 〈λ, H〉 ∈ piZ}
and 1′ = 1 ∩ F . Then
R1+ =
{
R1′+ (1 6= 1′)
R1′+ ∪
{
δk −
∑
λ∈(F−1′)Z
tλλ ∈ R+
∣∣∣ tλ > 0, 1 6 k 6 s} (1 = 1′)
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holds. Therefore R1+ does not depend on H in Q1, but only on 1 and the theorem is proved.
From Lemma 1.5, we have the following.
Corollary 1.7. For admissible subsets11,12 ⊂ F and H1 ∈ Q11, H2 ∈ Q12 , the convex cell
Q11 is included in Q11 if and only if L(KExp H1) ⊃ L(KExp H2).
2. Minimal orbits of the linear isotropy group
In this section we consider a linear isotropy orbit Ad(K )H (H ∈ m, |H | = 1), which is a
connected submanifold of the unit sphere S in m (see [3, Proposition 2.1]). Since
m =
⋃
k∈K
Ad(k)C¯,
we can assume H ∈ C¯ (cf. Helgason [2, Ch.V Lemma 6.3 and Ch.VII, Theorem 2.22]).
Theorem 2.1. For any nonempty subset 1 ⊂ F , there exists a unique H ∈ S ∩ C1 such that
the linear isotropy orbit Ad(K )H is a minimal submanifold of S.
Proof. For H ∈ C1, the tangent space of Ad(K )H at H is given by
TH (Ad(K )H) =
∑
λ∈R+−R1+
mλ.
We put R˜1+ = {α ∈ R˜+ | 〈α, H〉 = 0}. Then {Tα | α ∈ R˜+ − R˜1+} is an orthonormal basis of
TH (Ad(K )H). Takagi and Takahashi [8, (3.6)] calculated the second fundamental form h of
Ad(K )H in m at H by the use of the restricted root system R. After that Kitagawa and Ohnita
[5, Lemma 9] calculated the mean curvature vector m H of Ad(K )H in m at H
m H = −
∑
α∈R˜+−R˜1+
α¯
〈α, H〉 . (1)
Our notation is somewhat different from theirs.
Lemma 2.2 (Hsiang [4], Lawson [6]). m H is tangent to C1.
Proof. Because of Theorem 1.4, in order to prove
H + tm H ∈ C1 (|t | < ²)
for some ² > 0, it is sufficient to prove Z HK = Z H+tm HK . Since the mean curvature vector filed
m of Ad(K )H in m is invariant under Ad(k)∗ for each k ∈ K ,
Z H+tm HK = {k ∈ K | Ad(k)(H + tm H ) = H + tm H }
= {k ∈ K | Ad(k)H + tmAd(k)H = H + tm H }
⊃ {k ∈ K | Ad(k)H = H}
= Z HK .
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On the other hand if 1′ ⊂ F satisfy H + tm H ∈ C1′ , then C1 ⊂ C1′ for sufficiently small t .
This and Theorem 1.4 imply
Z H+tm HK = Z1
′
K ⊂ Z1K = Z HK
and the lemma is proved.
For a fixed 1 ⊂ F we define a function F on C1 by
F(H) = −
∑
α∈R˜+−R˜1+
log〈α, H〉 (H ∈ C1).
Then
〈gradH F, X〉 = d FH (X)
= −
∑
α∈R˜+−R˜1+
〈α, X〉
〈α, H〉
=
〈
−
∑
α∈R˜+−R˜1+
α
〈α, H〉 , X
〉
for each X ∈ TH (C1). From Lemma 2.2 and the equation (1) we get
gradH F = TH (C1)-component of
(
−
∑
α∈R˜+−R˜1+
α
〈α, H〉
)
= −
∑
α∈R˜+−R˜1+
α¯
〈α, H〉 .
Hence the mean curvature vector filed m H of Ad(K )H in m for H ∈ C1 satisfies
(m H )H = gradH F
and for any H ∈ S ∩ C1 the mean curvature vector of Ad(K )H in S at H is equal to the
tangential component gradH (F |S∩C1) of gradH F to S. It is obvious that Ad(K )H is a minimal
submanifold of S if and only if gradH (F |S∩C1) = 0 holds. Let∇ be the Levi-Civita connection
of S and hS be the second fundamental form of S in m. For tangent vector fields X, Y of S∩C1
using the Gauss formula we have
(Hess F)(X, Y ) = Y (d F(X))− d F(Y X)
= Y (d(F |S∩C1)(X))− d(F |S∩C1)(∇Y X)− d F(hS(X, Y ))
= (Hess(F |S∩C1))(X, Y )− d F(hS(X, Y ))
and
(Hess(F |S∩C1))(X, Y ) = (Hess F)(X, Y )+ d F(hS(X, Y )).
Let e1, . . . , en be an orthonormal basis of TH (C1), then
(Hess F)(ei , e j ) = e j ei F =
∑
α∈R˜+−R˜1+
〈α, ei 〉〈α, e j 〉
〈α, H〉2 .
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Since the second fundamental form hS is given by
hSH (X, Y ) = −〈X, Y 〉H,
we have also
d F(hSH (X, Y )) =
〈
−
∑
α∈R˜+−R˜1+
α¯
〈α, H〉 , −〈X, Y 〉H
〉
= Card(R˜+ − R˜1+)〈X, Y 〉,
where Card means the cardinality of sets. Consequently
(Hess(F |S∩C1))H (X, Y ) =
∑
α∈R˜+−R˜1+
〈α, X〉〈α, Y 〉
〈α, H〉2 + Card(R˜+ − R˜
1
+) 〈X, Y 〉.
Because for any X H ∈ TH (S ∩ C1) there exists α ∈ R˜+ − R˜1+ such that 〈α, X H 〉 > 0,
(Hess(F |S∩C1))H is positive definite for any H ∈ S ∩ C1. Thus F |S∩C1 is downward convex.
If H approaches to the boundary of S ∩C1, there exists α ∈ R˜+ − R˜1+ such that 〈α, H〉 → +0
and 〈β, H〉 is bounded to the above for any β ∈ R˜+ − R˜1+ . By the definition of F we get
F(H)→+∞ as H → the boundary of S ∩ C1.
So there exists an unique H ∈ S ∩ C1 such that gradH (F |S∩C1) = 0 and Theorem 2.1 is
proved.
3. Minimal orbits of the isotropy group
In this section we consider an isotropy orbit K p which is a Riemannian submanifold of
M = G/K for p ∈ M . Since
G/K = K Exp Q¯,
we may assume p = Exp H, H ∈ Q¯ ([2, Ch.VII Theorem 8.6]). In case for an antipodal point
p of o, B.Y. Chen and T. Nagano [1, Lemma 2.4] showed K p is connected. But by the same
method in their paper we have also it is right for any point p in M .
Theorem 3.1. For any admissible subset 1 ⊂ F, there exists a unique H ∈ Q1 such that the
isotropy orbit K Exp H is a minimal submanifold of M.
Proof. For H ∈ Q1 we put p = Exp H . Using Lemma 1.1 we get
Tp(K p) = (exp H)∗
∑
λ∈R+−R1+
mλ.
We put R˜1+ = {α ∈ R˜+ | 〈α, H〉 ∈ piZ}. Then {Tα | α ∈ R˜+ − R˜1+} is an orthonormal basis of
Tp(K p) which is identified with the subspace of m through (exp H)∗. Tasaki [11, p.123] gave
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the mean curvature vector of K p in M at p:
m p = −
∑
α∈R˜+−R˜1+
cot〈α, H〉α¯. (2)
In particular m p is tangent to a.
Lemma 3.2 (Hsiang [4], Lawson [6]). m p is tangent to Q1.
Proof. Because of Theorem 1.6, in order to prove
H + tm p ∈ Q1 (|t | < ²)
for some ² > 0, it is sufficient to prove L(K p) = L(KExp(H+tm p)). Since the mean curvature
vector filed m of K p in M is invariant under k∗ for each k ∈ K ,
KExp(H+tm p) = {k ∈ K | kExpp tm p = Expp tm p}
= {k ∈ K | Expk·p tmk·p = Expp tm p}
⊃ {k ∈ K | k · p = p}
= K p.
On the other hand if 1′ ⊂ F satisfy H + tm p ∈ Q1′ , then Q1 ⊂ Q1′ for sufficiently small t .
This and Corollary 1.7 imply L(KExp(H+tm p)) ⊂ L(K p). Therefore L(KExp(H+tm p)) = L(K p)
and the lemma is proved.
Take an admissible subset 1 ⊂ F and fix it. We define a function F on Q1 by
F(H) = −
∑
α∈R˜+−R˜1+
log(sin〈α, H〉) (H ∈ Q1).
Let ∂1, . . . , ∂n be an orthonormal parallel frame field of Q1. Then
(∂i F)(H) = −
∑
α∈R˜+−R˜1+
(cot〈α, H〉)〈α, ∂i 〉.
The mean curvature vector filed m H of K Exp H in M satisfies
(m H )Exp H = gradH F
by Lemma 3.2 and (2). It is obvious that K Exp H is a minimal submanifold of M if and only
if gradH F = 0 holds.
(Hess F)H (∂ j , ∂i ) = (∂ j∂i F)(H)
=
∑
α∈R˜+−R˜1+
〈α, ∂i 〉〈α, ∂ j 〉
sin2〈α, H〉 (H ∈ Q
1).
For each ∂i there exists α ∈ R˜+− R˜1+ such that 〈α, ∂i 〉 > 0. Thus (Hess F)H is positive definite
for any H ∈ Q1 and F is downward convex. If H approaches to the boundary of Q1, there
Minimal orbits of the isotropy groups 177
exists α ∈ R˜+ − R˜1+ such that sin〈α, H〉 → +0 and sin〈β, H〉 is bounded to the above for any
β ∈ R˜+ − R˜1+. By the definition of F we get
F(H)→+∞ as H → the boundary of Q1.
So there exists an unique H ∈ Q1 such that gradH F = 0 and Theorem 3.1 is proved.
References
[1] B.Y. Chen and T. Nagano, Totally geodesic submanifolds of symmetric spaces II, Duke Math. J. 45 (1978)
405–425.
[2] S. Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces (Academic Press, New York, 1978).
[3] D. Hirohashi, T. Kanno and H. Tasaki, Area-minimizing of the cone over symmetric R-spaces, Tsukuba
J. Math, to appear.
[4] W.Y. Hsiang, On compact homogeneous submanifolds, Proc. Nat. Acad. Sci. USA 56 (1966) 5–6.
[5] Y. Kitagawa and Y. Ohnita, On the mean curvature of R-spaces, Math. Ann. 262 (1983) 239–243.
[6] H.B. Lawson, Jr., Lectures on Minimal Submanifolds, Volume I (Publish or Perish, Wilmington, 1980).
[7] Y. Ohnita, The degrees of the standard imbeddings of R-spaces, Toˆhoku Math. J. 35 (1983) 499–502.
[8] R. Takagi and T. Takahashi, On the principal curvature of homogeneous hypersurfaces in a sphere, in: Dif-
ferential Geometry, in Honor of K. Yano (Kinokuniya, Tokyo, 1972) 469–481.
[9] M. Takeuchi, On conjugate loci and cut loci of compact symmetric spaces I, Tsukuba J. Math. 2 (1978)
35–68.
[10] M. Takeuchi and S. Kobayashi, Minimal imbedding of R-spaces, J. Differential Geometry 2 (1968) 203–215.
[11] H. Tasaki, Certain minimal or homologically volume minimizing submanifolds in compact symmetric
spaces, Tsukuba J. Math. 9 (1985) 117–131.
